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Introduction 

One of the problems in algebraic geometry motivated by conformal field theory 
is to study the behaviour of moduli space of semistable parabolic bundles on curve 
and its generalized theta functions when the curve degenerates to a singular curve. 
Let X be a smooth projective curve of genus g, and Ux be the moduli space 
of semistable parabolic bundles on X, one can define canonically an ample line 
bundle (theta line bundle) on Ux and the global sections H'^{Q^^) are called 
generalized theta functions of order k. These definitions can be extended to the 
case of singular curve. Thus, when X degenerates to a singular curve Xq, one 
may ask the question how to determine H^{Qi^^ ) by generalized theta functions 

associated with the normalization Xq of Xq. The so called fusion rules suggest that 
when Xq is a nodal curve the space H^{Q^^^) decomposes into a direct sum of 

spaces of generalized theta functions on moduli spaces of bundles over Xq with new 
parabolic structures at the preimages of nodes. These factorizations and Verlinde 
formula were treated by many mathematicans from various points of view. It is 
obviously beyond my ability to give a complete list of contributions. According to 
[Be], there are roughly two approachs: infinite and finite. I understand that those 
using stacks and loop groups are infinite approach, and working in the category of 
schemes of finite type is finite approach. Our approach here should be a finite one. 

When Xq is irreducible with one node, a factorization theorem was proved in 
[NR] for rank two and generalized to arbitrary rank in [Su]. By this factorization, 
one can principally reduce the computation of generalized theta functions to the 
case of genus zero with many parabolic points. In order to have an induction 
machinery for the number of parabolic points, one should also prove a factorization 
when Xq has rwo smooth irreducible components intersecting at a node xq. This 
was done for rank two in [DWl] and [DW2] by analytic method. In this paper, we 
adopt the approach of [NR] and [Su] to prove a factorization theorem for arbitrary 
rank in the reducible case. 

Let I = Ii U I2 C X be a finite set of points and the moduli space of 
semistable parabolic bundles with parabolic structures at points {x}xei- When X 
degenerates to Xq = Xi U X2 and points in Ij {j = 1, 2) degenerate to \Ij\ points 
X & Ij C Xj \ {xo}, we have to construct a degeneration Uxo '■= ^x^X2 
and theta line bundle ©Wxq i^- Fix a suitable ample line bundle 0{1) on Xq, 
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we construct the degeneration as a moduli space of 'semistable' parabolic torsion 
free sheaves on Xq with parabolic structures at points a; e Ii U /2, and define the 
theta line bundle Ow^o i^- main observation here is that we need a 'new 
semistability' (see definition 1.3) to construct the correct degeneration ofU^. But in 
whole paper, this 'new semistability' is simply called semistable. It should not cause 
any confusion since our 'new semistability' coincides with Seshadri's semistability in 
[Se] when 1 = 0, and coincides with the semistability of [NR] when Xq is irreducible. 

Let TT : Xq — > Xq be the normalization of Xq and 7r~-'^(a;o) = {xi, X2}- Then for 
any ii = (//i, ■ ■ ■ , fXr) with < /U^, < ■ ■ ■ < //i < — 1, we can define a{xj), n{xj) 
and a^j {j = 1, 2) by using fx (see Notation 3.1). Let 

W^. := (r, Xj , Ij U {xj}, {n{x), a(a;)}^e7.u{x,}, k) 

be the moduli space of s-equivalence classes of semistable parabolic bundles E 
of rank r on Xj and x{.E) = x^, together with parabolic structures of type 
{n(a;)}^e/u{x^} and weights {a(x)}^e7u{a;,} at points {a;}^e/u{x^}, where is also 
defined in Notation 3.1, which may not be integers. Thus we define U^. to be 
empty if is not an integer. Let 

be the theta line bundle. Then our main result is 

Factorization Theorem. There exists a (noncanonical) isomorphism 

where n = (/Ui, ■ ■ ■ , fXr) runs through the integers 0</Ur <•••<//! < k — 1. 

§1 is devoted to construct the moduli space Uxq by generalizing Simpson's con- 
struction, and construct the theta line bundle on it. Then we determine the num- 
ber of irreducible components of the moduli space and proving the nonemptyness 
of them (see Proposition 1.4). In §2, we sketch the construction of moduli space 
V of generalized parabolic sheaves (abbreviated to GPS) and construct an ample 
line bundle on it. Then we introduce and study the s-equivalence of GPS (see 
Proposition 2.5), which will be needed in studying the normalization ofUxo- 
we construct and study the normalization V — > Uxqj then prove the factorization 
theorem (Theorem 3.1). As a byproduct, we recover the main results of [NS] (see 
Corollary 3.1 and Remark 3.1). They have used triples in [NS] instead of GPS. 

Acknowledgements: This work was done during my stay at FB 6 Mathematik of 
Universitdt Essen. I would like to express my hearty thanks to Prof. H. Esnault 
and Prof. E. Viehweg for their hospitality and encouragements. I was benefited 
from the stimulating mathematical atmosphere they created in their school. Prof. 
M.S. Narasimhan encouraged me to prove the factorization theorem at reducible 
case. I thank him very much for consistent supports. . 

§1 Moduli space of parabolic sheaves 

Let Xq be an reduced projective curve over C with two smooth irreducible com- 
ponents Xi and X2 of genus gi and g2 meeting at only one point xq, which is the 
node of Xq. We fix a finite set / of smooth points on Xq and write / = IiU I2, 
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Definition 1.1. A coherent Oxq -module E is called torsion free if it is pure of 
dimension 1, namely, for all nonzero O Xo-suhmodules Ei C E, the dimension of 
Supp{E\) is 1. 

A coherent sheaf E is torsion free if and only if E^ has depth 1 at every x & Xq 
as a Cxo,K-niodule. Thus E is locally free over Xq \ {xq}. 

Definition 1.2. We say that a torsion free sheaf E over Xq has a quasi-parabolic 
structure of type n{x) = {ni{x),--- ,ni^+i{x)) at x E I, if we choose a flag of 
subspaces 

E\^^y = FoiE)^ D FiiE)^ D ••• D Fi^iE)^ D Fi^+^iE)^ = 

such that nj{x) = dim{Fj-i{E)x/Fj{E)x). If, in addition, a sequence of integers 
called the parabolic weights 

< ai{x) < a2{x) < ■ ■ ■ < ai^+i(x) < k 

are given, we call that E has a parabolic structure of type fi{x) at x, with weights 
a{x) := {ai{x), • • • , ai^+i{x)). The sheaf E is also simply called a parabolic sheaf, 
whose parabolic Euler characteristic is defined as 



parx{E) := x(^) + -^^Y^ ni{x)ai{x) 



x€l i=l 

We will fix an ample line bundle 0{1) on Xq such that deg{0{l)\xi) = Ci > 
{i = 1,2), for simplicity, we assume that 0{1) = (9x„(ci?/i + £22/2) for two fixed 
smooth points yi G Xi. For any torsion free sheaf E, P{E,n) := denote 
its Hilbert polynomial, which has degree 1. We define the rank of E to be 

rkiE) := -r^^ ■ hm 

^ ' deg{0{l)) n^oo n 

Let denote the rank of the restriction of to Xj (z = 1, 2), then 

P{E, n) = (cin + C2r2)n + x{E), r{E) = -^^ri + — ^ra- 

Cl + C2 Cl + C2 

Notation 1.1. We say that E is a torsion free sheaf of rank r on Xq ifri — r2 — r, 
otherwise it will be said of rank (ri, r2). We will fix in this paper the parabolic datas 
{n{x)}x£i, {a{x)}xei o-'f^d the integers: x = d + r(l — g), £1 + £2, k, 

a :^ {0 < ax < k - ai^+i{x) + ai{x)}xei 

such that 

(*) Yl Yl di{x)ri{x) + rY^x + r{£i + £2) = kx, 

x£l i=l x£l 

where di{x) = 0^+1(0;) — ai{x) and ri{x) = ni{x) + • • • + ni{x). We will choose ci 
and C2 such that £\ = -^^^{£1 + £2) o,nd £2 = -^fi^{£i + £2) become integers. 
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Definition 1.3. With the fixed parabolic datas in Notation 1.1, and for any torsion 
free sheaf F of rank (ri,r2), let 

HF) := X. + + 2^ (^) + 

// F has parabolic structures at points x & I, the modified parabolic Euler charac- 
teristic and slop of F are defined as 

parXm{F) := parx{F) + m{F), par/imiF) := ^""^^p^'^^ ■ 

A parabolic sheaf E is called semistable (resp. stable) for (/c, ct, a) if, for any subsheaf 
F <Z E such E/F is torsion free, one has, with the induced parabolic structure, 

parXmiF) < ^-^^j^r{F) {resp. <). 

Remark 1.1. The above semist ability is independent of the choice of a and coincides 
with Seshadri's semistabihty of parabohc torsion free sheaves when the curves are 
irreducible. 

We will only consider in this section torsion free sheaves of rank r with parabolic 
structures of type {n{x)}xei ^tnd weights {d{x)}xei ^tt points {x}xeii ^tnd construct 
the moduli space of semistable parabolic sheaves. Let W = Oxo{—N) and V = 
C-'^^-'^), we consider the Quot scheme 

f T-flat quotients V <S>W ^ E ^ over^ 
Qn.t(V W, P) m = I ^ J, jjii^^^^ polynomial P ] ' 

and let Q C Quot{V (g) W, P) be the open set 

V ®W ^ E ^0, with R'^pt^(E(N)) = and' 



Q(T) = 



V (8) Ot pt*E{N) induces an isomorphism 



Thus we can assume (Lemma 20 of [Se], page 162) that is chosen large enough 
so that every semistable parabolic torsion free sheaf with Hilbert polynomial P and 
parabolic structures of type {n{x)}x£ii weights {a{x)}x£i at points {x}xei appears 
as a quotient corresponding to a point of Q. 

Let V®yV^T^Qhe the universal quotient over Xq x Q and be the 
restrication of T on {x} x Q = Q. Let Flagfi(^x){^x) ^ Q be the relative flag 
scheme of type n(x), and 

7^= x^Flagfi(x){^x) ^ Q 

be the product over Q, where Q is the closure of Q in the Quot scheme. 

A (closed) point {p, {Pr{x)iPri{x)i ■■■iPri^{x)}xei) of by definition is given by a 
point V(S>yV^E^Oof the Quot scheme, together with quotients 
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where ri{x) = dim{E^/ Fi{E)^) = ni{x) H \-ni{x), and Qr(x) — Er^, Qr:,{x) ■= 

E^/Fi{E)j;,...,Qrijx) ■= EjFi^{E)x. For large enough m, we have a SL{V)- 
equivariant embedding 

7^ ^ G = Grass p(^rn)iy ® Wm) X Flag, 
where Wm = H^{W{m)), and Flag is defined to be 

Flag=n{G' rass^fx) 

(V) X GrasSr^^x)iV) x • • • x GrasSrijx)iV)}, 
which maps a point (p, {Pr(x),Pri{x), ■■;Pri^{x)}xei) of TZ to the point 

{V^Wm^ U, {V ^ Urix),V Ur.^x),-, V C^nJ.)}xE/) 

of G, where g := H\p{m)), U := H%E{m)), ^,(,) := iyO(p,(,)(iV)), := 

-H"°(Qr(x)), and 5r^,(a,) := H°{pri{x){N)), Ur^i^) ■= H^iQ^ix)) {i = i,-,lx)- 

For any rational number i satisfying Ci£ = £i + CikN (i = 1,2), we give G the 
polarisation (using the obvious notation): 

— ^ X Y[{ax, di{x), ■ ■ • , di^{x)}, 

xel 

and we have a straightforward generalisation of [NR, Proposition A. 6] whose proof 
we omit: 

Proposition 1.1. A point {g, {gr{x), 9riix), 9rt^{x)}xei) & G is stable (respec- 
tively, semistable) for the action of SL{y), with respect to the above polarisation 
(we refer to this from now on as GIT-stability), iff for all nontrivial subspaces 
H gV we have (with h — dimH) 



m-N 



—^(hPim) - P{N)dimg{H ® W^)) + ^ax(r/i - P{N)dim gri^x){H)) 

x^I 

la: 

xei 1=1 

Notation 1.2. Given a point {p,{Pr{x)jPri{x)j ■•■jPri^{x)}x€i) ^ o-'iT'd a subsheaf 
F of E we denote the image of F in Qnix) (respectively, in Qr{x)) by Q^.^^^) (''^^' 
spectively, by Q^(^j.-^)- Similarly, given a quotient E Q ^ 0, set Q^.(^^-^ '■ = 
Qri(x)/Im{ker{T)) (respectively, Q^^^-^ := Qr(x)/Im{ker{T))). 

Proposition 1.2. Suppose {p, {Pr{x):Pri{x): ■■■:Pri^{x)}xei) & TZ is a point such 
that E is torsion free. Then E is stable (respectively, semistable) iff for every 
subsheaf ^ F ^ E we have 

-L_[^[F{N))P(m) - P{N)x{F(m))) + J] a,(rx(F(iV)) - P{N)h\Q^^,^)) 

xei 

+ J2J2dii^)('ii^MF{N))-P{N)h\Q^^^,^)) < (<)0. 
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Proof. For any subsheaf F let LHS{F) denote the left-hand side of above inequality. 
Assumme first that E/F is torsion free and F is of rank (ri, r2), thus h^iQ^^x)) ~ 
for x&Ii{i = l, 2) and x(^M) = (ciri + C2r2)(m - N) + x{F{N)), 



Let nf {x) := dim{Fx n Fi-i{E)x/Fx n Fi{E)x), and note that 



Mx)ri{x) = r ^ ai^+i{x) -^Yl ai{x)ni{x), 

x£l i=l x€l x£l i=l 



a;£/ i=l a;E/i a;€/2 

- ai{x)nf{x), 



we have 



\xEl i=l xEl 

I. 



+ PiN) {r{F)Y<^x + '^YY Ux)n{x) 

x£l x£l i=l 

- P{N) ( ri ^ + r2 5^ tto: + J] di{x)dim{Fx / F^ n Fi{E)x) 

x£li XEI2 x€l i=l 

= kP{N) ( parXmiF) - ^parXm{E)] . 



Thus the inequality implies the (semi) stability of E, and the (semi)stability of E 
implies the inequality for subsheaves F such that E/F torsion free. 

Suppose now that E is (semi) stable and F any nontrivial subsheaf, let r be the 

J- ; — „f IT' / m ] m/ ^ IT' .1, _ m/ / m ] / 17/ j- ; — f rpi 
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have LHS{F') < and, if we write r = f + Ylixei then 
LHS{F) - LHS{F') = -(ci + C2)r£h°{T) 



x€l 

I. 



xei «=i 

= -hP (r) J2 ^» (^)'^« (a;) + r ^ + rci£ + rcs^^ - 
P{N) J2 -o^-h\Tx) + EE^*(^)(^"(^n(.)) - /^'(<(x))) 



< -/cP(Ar)/.0(T) + P(Ar) ^ a,/i«(T,) + P(Ar) ^ ^ d,(x)/i°(T,) 

= -kP{N)h\f) - P{N) -ax- ai^+i{x) + ai{x))h\T,) < 0, 

xei 

where we have used h^{Qr{x)) ~ ^°(^r(a;)) ~ —h^i'^x), the assumption about {ax} 
and /.°(Qf^(,))-/.°(Qf;(,))>-/.°(r,). 

Lemma 1.1. There exists Mi{N) such that for m > Mi{N) the following holds. 
Suppose ip,{Pr{x):Pri{x): ■■■:Pri {x)}xei) & is a poiut wkick is GIT-semistable 

T 

then for all quotients E — > Q ^ Q we have 

\ xGl x£l i=l / 

In particular, E is torsion free and V H^{E{N)) is an isomorphism. 

Proof Let H = ker{V iyO(E(iV)) ^ H'^{g{N))}, and F G E the sub- 

sheaf generated by H. Since all these F are in a bounded family, dim g{H ®Wm) = 
h^{F{m)) = x{F{m)) for m large enough. Thus there exists Mi{N) such that for 
m > Mi{N) the inequality of Proposition 1.1 implies (with h = dim{H)) 



(ci + C2)e{rh - r{F)P{N)) + E (^^ ' P{N)h^{Qr{x))) 

x€l 

+ E E ^^(^) (^^(^)^ - ^(^)^'(Q^ (.))) < 0' 



xEl i=l 



where we used that gr{x){H) = h^iQ^^^^) and = Now using 

the following inequalities 
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we get the inequality 

\ xei xeJ i=i 

Now we show that V H^{E{N)) is an isomorphism. That it is injective is easy 
to see: let H be its kernel, then g{H ® Wm) — 0, gr[x){H) — and gr^[x){H) = 0, 
one sees that h = from Proposition 1.1. To see it being surjective, it is enough to 
show that one can choose N such that H^{E{N)) = for aU such E. If H^{E{N)) 
is nontrivial, then there is a nontrivial quotient E{N) — > L C ujxq by Serre duality, 
and thus 

h^uxo) > h'^iL) > {ci + C2)N + B, 

where S is a constant independent of E, we choose N such that H^{E{N)) = for 
all GIT-semistable points. 

Let r = Tor{E), Q = E/r and applying the above inequality, noting that 
h\G{N)) = P{N) - h^T), h\Q%^) = r - h\Ql^^^) and = n{x) - 

h^iQuix))^ we have 

x€l 

by which one can conclude that r = since ax < k — ai^+i{x) + ai{x). 

Proposition 1.3. There exist integers N > and M{N) > such that for m > 

M[N) the following is true. A point {p, {Pr{x)TPri{x)T---iPri {x)}xei) & is GIT- 
stable (respectively, GIT-semistable) iff the quotient E is torsion free and a stable 
(respectively, semistable) sheaf, the map V H^{E{N)) is an isomorphism. 

Proof. If (p, {Pr(x),Pri(x), •••,Pn^(x)}xe/) e 7^ is GIT-stable (GIT-semistable), by 
Lemma 1.1, E is torsion free and V — > H^{E{N)) is an isomorphism. For any 
subsheaf F C E with E/F torsion free, let H C V be the inverse image of 
H^{F{N)) and h = dim{H), we have x{F{N))P{m) - P{N)x{F{m)) < hP{m) - 
P{N)h^{F{m)) for m > iV (note that h^{F{N)) > h^{F{m))). Thus 

-4^(x(F(iV))P(m) - P{N)x{F{m))) + ^ ax{rx{F{N)) - P{N)h\Q^^^^)) 

lib 1\ 

xei 

+ E E di{x){r,{x)x{F{N)) - P{N)h\Q^^^,^)) < 
xei i=i. 

—^(hP{m) - P{N)dimg{H (g) Wm)) + E " P{N)dim gr^x){H)) 

X&I 

+ E E^^(^)(^^(^)'^ - P{N)dimgr,ix){H)) 
xei i=i 

since g{H(E)W^) < h^{F{m)), grix){H) < h^{Q^^x)) and ^7n(.)(^^) < h^iQr^i^x)) 

; — „j-„;„j- 1 u ^^ id,. t> — i i ] n — i o 
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E is stable (respectively, semistable) if the point is GIT stable (respectively, GIT 
semistable). 

The proof of another direction is similar to [NR], one can prove the similar 
Lemma A. 9 and Lemma A. 12 of [NR] by just modifying notation. 

One can imitate [Se] (Theoreme 12, page 71) to show that given a semistable 
parabolic sheaf E, there exists a filtration of E 

= En+i CEnC---CE2CEiCEo = E 

such that Ei/Ei^i {1 < i < n) are stable parabolic sheaves with the constant slop 
parHmiE), and the isomorphic class of semistable parabolic sheaf 

n 
i 

is independent of the filtration. Two semistable parabolic sheaves E and E' are 
called s-equivalent if gr{E) = gr{E'). 

Theorem 1.1. For given datas in Notation 1.1 satisfying {*), there exists a re- 
duced, seminormal projective scheme 

Uxa •■^Uxoi'r.x.h^ l2,{n{x),a{x),ax}xei,0{l),k), 

which is the coarse moduli space of s- equivalence classes of semistable parabolic 
sheaves E of rank r and x(-E') = x ^il'h parabolic structures of type {n{x)}xei 
and weights {a{x)}xei «^ points {x}xei- The moduli space Uxq has at most r + 1 
irreducible components. 

Proof. Let 7^^^ (^^) be the open set of 71 whose points correspond to semistable 
(stable) parabolic sheaves on Xq. Then, by Proposition 1.3, the quotient 

(f-.w^ Uxo ■■= n'y/SL{v) 

exists as a projective scheme. That Uxq is reduced and seminormal follow from the 
properties of TZ^^ (see [Fa] [Se] [Su]). 

Consider the dense open set TZq C 7^*'^ consists of locally free sheaves, for each 
F e TZq, let Fi and F2 be the restrictions of F to Xi and X2, we have 

(1.1) 0^Fi(-a;o)^F^F2^0. 

By the semistability of F and parXm{Fi) +PorXm.(-^2) = pO'fXmi.F) + f-, we have 
-parXm{F) < parXm{Fi) < — ^ — parXm{F) + r. 



Cl + C2 Cl + C2 

C2 C2 

parXm{F) < parXm{F2) < ■ parXm{F) + r. 



Cl + C2 Cl + C2 

Let xi, X2 denote x(-^i)) x(-^2), and rij denote (for j — 1, 2) 
(1.2) i iY^Y,di{x)n{x) + rY,ax + r£\ , 
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we can rewrite the above inequalities into 

(1.3) rii <xi <ni+ r, n2 <X2 <n2 + r. 

There are at most r + 1 possible choices of (xi, X2) satisfying (1.3) and Xi + X2 = 
X + r, each of the choices corresponds an irreducible component of Uxo- 

For any xii X2 satisfying (1.3), let Ux^ (resp. UX2) be the moduli space of 
semistable parabolic bundles of rank r and Euler characteristic xi (resp. X2), with 
parabolic structures of type {n{x)}xeii (resp. {n{x)}xei2) ^tnd weights {a{x)}xeii 
(resp. {a{x)}xei2) at points {x}xeii (resp. {x}x^i2)- Then we have 

Proposition 1.4. Suppose that Uxi and Ux2 ^'^c not empty. Then there exists 
a semistable parabolic vector bundle E on Xq, with parabolic structures of type 
{n{x)}x&i o,nd weights {a{x)}x&i at points {x}x&i, such that 

E\x-^ EUXi, E\x2 eWxa- 

Moreover, if ni < Xi < ni + r and n2 < X2 < n2 + r, E is stable whenever one of 
El and E2 is stable. 

Proof. For any Ei e Uxi and E2 G Ux2 ; orie can glue them by any isomorphism at 
xq into a vector bundle E on Xq with the described parabolic structures at points 
{x}x£i such that E\xi = Ei and E\x.2 = E2. We will show that E is semistable. 

For any subsheaf F G E of rank (ri,r2) such that E/F torsion free, we have the 
commutative diagram 

> F^ > F ^ Fo. > 

(1.4) 

> Ei{-xo) > E > E2 > 

where F2 is the image of F under E ^ E2 ^ and Fi is the kernel of F — > F2 — > 0. 
One sees easily that Fi and F2 are of rank (ri,0) and (0, r2) torsion free sheaves. 
From the above diagram (1.4), we have the following equalities 

parXmjE) _ parXmjF) 

r r{F) 
^ parXm{Ei{-xo)) _ parXmjFi) _^ parXm{E2) _ parXm{F2) 

r r{F) r r{F) 

^ am • parXm{Ei{-xo)) - r ■ parXmjFi) + 02^2 ■ parXm{Ei{-xo)) 
~ r{F)-r 

a2r2 ■ parXm{E2) - r • parXm{F2) + am ■ parXm{E2) 

r{F) ■ r 

r\ 7*2 

{pariJirn{E\{-XQ)) - parfXmiFi)) + --—{pariJ,m{E2) - par iJirn{F2)) 



+ 



+ 



r{F) f\F) 
0^2(^2 - ri)parXm{Ei{-XQ)) + ai(ri - r2)parXm{E2) 

r{F) ■ r 

Ti r2 

{parn{Ei{-xo)) - pariJ,{Fi)) + {parn{E2) - parii{F2)) 



+ 



r(F)''^ r{F) 
(n - r2){-^^parXm{E) + r - parXm{Ei)) 
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where we used the notation ai := ^ and a2 := — x— , the last equality follows 
that 

m{E^{-xo)) m(Fi) ^ ^ m(E2) _ m^Fb) ^ ^ 
r ri ' r r2 

Similarly, if we use the following diagram 

> F2 ^ F ^ Fi ^ 



> E2{-xq) > E > El > 

we will get the equality 

porXniiE) parXiniF) r2 



r{F) r{F) 
1) -par/i(Fi)) 

(^2 - ri){-^^parXm{E) + r - parXm{E2)) 



{pariJL{E2{-xo)) -parii{F2)) 



+ :^{parii{Ei) - parii{Fi)) 



+ 



r{F) ■ r 

Thus we always have the inequality 

parXmjE) _ parXmjF) 
r r{F) 



> 



and the equality implies that ri = r2 and Ei, E2 are both unstable. This proves 
the proposition. 

By a family of parabolic sheaves of rank r and Euler characteristic x with 
parabolic structures of type {n{x)}j:^i and weights {a{x)}xei at points {x}xei 
parametrized by T, we mean a sheaf JF on Xq x T, flat over T, and torsion free 
with rank r and Euler characteristic x ot^ Xq x {t} for every t E T, together with, 
for each x e /, a flag 

^{x}xT = -Pb(-^{a;}xT) ^ -P^l (-^{a;} xt) 3 • • • D -F/^ xt) ^ (-^{x} xt) = 

of subbundles of type n{x) and weights d{x). Let Q{x}xT,i denote the quotients 
^{x}xT/Fi{J^^x}xT), then we deflne a line bundle ©jf on T to be 

x£l i—1 j=l 

where ttt is the projection Xq x T — > T, and det Rttt^ is the determinant bundle 
deflned as 

{detRTTT:F}t := {det H^{X, J^t)}~^ ® {det JP-f)}. 
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Theorem 1.2. There is an unique ample line bundle ©Wxq ~ &{k, ^i, ^2, n, a, /) 
on Uxo such that for any given family of semistable parabolic sheaf T parametrised 
by T, we have (I>t^Uxq — where (j)T is the induced map T — > lAxo 

Proof. By using the descendant lemma (see the next Lemma 1.2), we will show 
that the line bundle := on TZ^^ descends to the required ample line ©z^xq ' 

where £^ is a universal quotient over Xq x 7^'*'*. 

We known that the stablizer stab{q) — X ■ id for q G TZ^, which acts on Q-jzas via 

If g e 71^^ \ TZ^ with closed orbit, we known that 

Eq = miEi © 777,2 £'2 e • • • © mtEt 
with par fj,rn{Ej) = parfj,rn{Eq)j which means that (if assuming Ej of rank (ri,r2)) 

E ■ 

-kx{Ej)+ri ^ Oia; + r2^ aa; + ^^di{x)dim ^ nF(E) +^1^1 + ^^^2 = ^■ 

Thus (Ai • idmi, • • • 5 At • idmt) £ stab{q) = GL{mi) x • • • x GL{mt) acts trivially on 
Q-jiss , which implies that the stab{q) acts trivially on 07?,ss and thus descends to a 
line bundle ©Wxg having the required universal property. 

To show the ampleness of ©w^o ' rioting that detRiTTzsaS^N) is trivial and 

detRnn-sS = {detEy^Y^^ ® {detSy^f^^ ® detR7Tn-sS{N), 
we see that the restriction of the polarization to TZ^^ is 

{detR7m^s£{m))^ i {detS^)''- (^{detQ^f'^^'A = Qn^s. 

x&I I i=l J 

Thus, by general theorems of GIT, some power of descends to an ample line 
bundle, which implies that some power of ©w^o ample. 

Lemma 1.2. Let G be a reductive algebraic group and V a scheme with G-action. 
Suppose that there exists the good quotient it : V ^ V/ /G. Then a vector bundle E 
with G-action over V descends toV//G iff stablizer stab{y) ofy acts on Ey trivially 
for any y E V with closed orbit. 

It is known that for any torsion free sheaf F of rank (ri,r2) on Xq there are 
integers a, b, c such that 

^xo — ^Xo,xo ® ^Xi,xo ® ^X2,Xo^ 

where a, b, c are determined uniquely and satisfying 

ri = a + b, r2 = a + c, dim{FxQ (8) k{xo)) = a + b + c. 
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Lemma 1.3. Let 0— >G— >F— >0 6ean exact sequence of torsion free 
sheaves on Xq. Then 

a(F) > a(G') + a(E). 

Proof. It is clear by counting the dimension of their fibres at xq. 

Let 7^„ = {F G 7^| F®d^, = d®"©m®i'^""^}, and = 7^oU7^lU■ ■ ■U7^i (which 
are closed in TZ) endowed with their reduced scheme structures. The subschemes 
Wi are S'L(n)-invariant, and yield closed reduced subschemes oilix- It is clear that 

n D Wr-l 3 Wr-2 D • • • D Wi D Wo = 7^o 
Ux D Wr-l 3 Wr-2 D • • • D Wi D Wo. 

Let go e 7^ be a point corresponding to a torsion free sheaf J-'q such that 

We consider the variety 

Z = {{X, Y) e M(r - ao) x M(r - ao) \ X ■ Y = Y ■ X = 0}, 

and its subvarieties Z' = {{X,Y) e Z | rA;(X) + rk(Y) < a}. Then the reduced 
coordinate ring of Z is 

•^^^J - {XY,YXy 

where X := {xij)r-aoxr-ao and F := (yij)r_aoxr-ao (see Lemma 4.8 of [Su]), and 
Z' is a union of reduced subvarieties of Z (see the proof of Theorem 4.2 in [Su]). 
Thus we can sum up the the arguments of [NS] and [Su] (see also [Fa] ) into a lemma 

Lemma 1.4. The variety Z , Z' is respectively the local model of R, VVo at the 
point qq. More precisely, there are some integers s and t such that 

On,qo[[ui, ■ ■ ■ lUs]] = Oz,(o,o)[[vir-- ,vt]], 

In particular, Wa (0 < a <r) are reduced and seminormal. 

§2 Moduli space of generalized parabolic sheaves 

Let TT : Xq Xq be the normalisation of Xq and 7r~-'^(a;o) = {xi, X2}, then Xo is 
a disjoint union of X\ and X2, any coherent sheaf E on Xo is determined by a pair 
(Fi,i?2) of coherent sheaves on Xi and X2. We call as before that E is of rank 
('^i, ^2) if Ei has rank on Xi {i = 1, 2) and define the rank of E to be 

/ ciri + C2r2 

riE) := . 

C1 + C2 

We can also define similarly the modified parabolic Euler characteristic parXm{E) 
if E has parabolic structures at points x e 7r~^{I) (we will identify / with 7r~^{I), 
and note that m{E) defined in Definition 1.3 is only depend on ri and r2 since 
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Definition 2.1. A generalized parabolic sheaf of rank (ri, ( abbreviated to GPS) 

E := (E, E^, ® E^, Q) 

on Xq is a coherent sheaf E on Xq, torsion free of rank (ri, outside {xi, X2} with 
parabolic structures at points {x}xei! together with a quotient E^^ ® Ex2 Q. A 

morphism f : {E, E^^ QE^^ ^ Q) ^ {E', E'^^ ®E'^^ ^ Q') of GPS is a morphism 
f : E ^ E' of parabolic sheaves, which maps ker{q) into ker{q'). 

We will consider the generalized parabolic sheaves [E, Q) of rank ri = r2 = r 
and dim{Q) — r with parabolic structures of type {fi{x)}x^i and weights {a{x)}xei 
at the points of 7r~^(/), and we will call them the GPS of rank r. Furthermore, by 
a family of GPS of rank r over T, we mean the following 

(1) a rank r sheaf £ on XqxT flat over T and locally free outside {xi, X2} xT. 

(2) a locally free rank r quotient Q of Sx^ © on T. 

(3) a flag bundle Flagfi(^x){^x) on T with given weights for each x e I. 

Definition 2.2. A GPS {E,Q) is called semistable (resp., stable), if for every 
nontrivial sub sheaf E' C E such that EjE' is torsion free outside {xi,X2}, we 
have, with the induced parabolic structures at points {x}xei} 

parXmiE') - dim{Q^') < rk{E') ■ ^ j^^/'"'^^^ (resp., <), 

where Q^' = q{E'^^ ® E'^J C Q. 

Let xi and X2 be integers such that Xi + X2 — r = and fix, for i = 1, 2, the 
polynomials Pi{m) = c^rm + Xi = Oxi{,—N) where Oxi(l) = 0{l)\xi = 

Oxiiciyi). Write Vi — C^^^^) and consider the Quot schemes QuotiVi ® Wi,Pi), 
let Qi be the closure of the open set 



Vi®Wi^ Ei^ 0, with H^{Ei{N)) = and' 
V — > H'^(Ei(N)) induces an isomorphism 



we have the universal quotient Vi (g) Wi — > ^ on x Qj and the relative flag 
scheme ^ 

T^i = XQ^Flagfi^x){^x) ^ Qi- 
xeii 

Let f be the puUback of J-"^ to X^ x TZi and 

p:n = GrasSriSx, ^^l^)^^^!^ ^2- 

Then we see that, for large enough, every semistable GPS appears as a point of 
TZ. To rewrite IZi x IZ2 so that it unified the R in last section, let V = Vi ® V2, 
^ = jFi © jf2 g^nd £ = £^ © £^ we have 

(2.1) 7^l X 7^2 = XQ^^Q^FZa5r^(^)(JF^) ^ Qi x Q2. 
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Note that Fi ® Wi © V2 ® VV2 ^ ^ ^J) is a Qi x Q2-flat quotient with Hilbert 
polynomial P{m) = Pi (m) + P2 ("7.) on Xq x (Qi x Q2), we have for m large enough 
a G-equivariant embedding 

Qi X Q2 Grass p^^^iVi ® © ^2 ® W^), 

where W^^ = H^{W^{m)) and G = {GL{Vi) x GL{V2)) n SL{V). 

A (closed) point {p = pi © P2, {Pr(x),Pri(x), •••,Pnjx)}xe/) of 7^l x 7^2 by the 
expression of (2.1) is given by points Vi ® Wj i?* — > of the Quot schemes 
{i = 1,2), together with quotients (if we write V^^ = Vi (8) Wi ® V2 ® W2 and 
E = © E^) 

tl^Xo ' Qr{x), ^Xo ' Qri(x),---, ^ Qri^{x)}x€l^ 

where ri{x) = dim{Ex/Fi{E)^) = ni{x) H h ni{x), and (5r(x) := -^^x, Qnix) '■= 

Ex/Fi{E)^,...,Qr,^(^x) := -Ea;/Fi^(£;)a;, themorphismsp^(a,) andp^^.(a;) {j = 1, ...Jx) 
are defined to be 

Pr{x) '■ ^Xo E ^ Ex, Prj{x) '■ ^x^ ^ Qr{x) = ^ Ex/Fj{E)x. 

Thus we have a G-equivariant embedding 

X 7^2 Grass p^rn)(yi ® © V2 ® W^) x Flag, 
where Flag is defined to be 

Flag=n^^ 

rassr{^x){y) X Grassr^(^x){y) x • • • x GrasSri^{x){y)}, 

xei 

which maps a point (p = pi ® p2, {Pr(x),Pri(x), ■■■,Pri^{x)}xei) of TZi x 7^2 to the 
point 

of Grassp(^)(yi©Vr{"©"l/2©Vr2"') xFlag, where := H^{p{m)), U := H^{E{m)), 

9r(x) ■= H^iPr{x)iN)), Ur{x) ■= H^iQr(x))^ and gr^(x) •■= H^{Prj(x){N)), Urj{x) ■ = 

H^{Qrj{x)) {j = 1) ^a;)- Finally, we get a G-equivariant embedding 

n^G' = Grassp^rn){Vi ® © F2 ® W^) x Flag x GrasSr{Vi © V2) 

as follows: a point of 7^ is given by a point of TZi x 7^2 together with a quotient 

Ej;-^ © £'2:2 then above embedding maps -E^^^ © E'ajg Q to 

go := H\q{N)) : Fi © F2 = iy°(V^^(Ar)) ^ H\E{N)) ^ E,, © E,, ^ Q. 
Given G' the polarisation (using the obvious notation): 

1 m-N ^ n^"*'^i(^)''" f ^ ^' 

we have the analogue of Proposition 1.1, whose proof (we refer to Proposition 1.14 
of [B3], or Lemma 5.4 of [NS]) is a modification of Theorem 4.17 in [Ne] since our 

„ 1 ;„ j;fr j- c ™ rM„l 
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Proposition 2.1. A point {g, {gr{x), 9ri{x), 9ri^ix)}xei, 9g) e G' is stable (re- 
spectively, semistable) for the action of G, with respect to the above polarisation 

(we refer to this from now on as GIT- stability), iff for all nontrivial subspaces 
H G V , where H = Hi® H2 and Hi <zVi (i = 1, 2), we have (with h = dimH and 
H ■=Hi® ®H2® W^) 

[hP{m) - P{N)dimg{H)) + J]a,(r/i - P(iV)dim^,(,)(if)) + 

J] J]di(a;) {n{x)h-P{N)dimgr,^,){H))+k{rh-P{N)dimgG{H)) < (<) 0. 
xei i=i 

Proposition 2.2. Suppose {p, {Pr(x)iPri{x)j ■■■jPri^{x)}xeijQ) ^ is a point such 
that E is torsion free outside {xi,X2}. Then E = {E.E^^ © E^^ Q) is stable 
(respectively, semistable) iff for every suh sheaf Q ^ F ^ E we have (using the 
notation 1.2) 

^ {x{F{N))P{m) - P{N)x{F{m))) + Mrx{F{N)) - P{N)h\Q^^,^)) 



m — N 

x€l 



+ E E d^{x){r,ix)xiFiN)) - PiN)h\Q^^^,^)) 

x£l i=l 

+ k{rx{F{N)) - P{N)dim{Q^)) < (<) 0. 



Proof. For subsheaf F C E such that E/F is torsion free outside {xi,X2}, by the 
same computation in Proposition 1.2, we have 

LHS{F) = kP{N) (parXmiF) - dim{Q^) - ^(F)^^^^^^^^^^ . 

Thus E is stable (semistable) iff LHS{F) < (<)0 for the required F. If E/F has 
torsion outside {xi,X2}, then LHS{F) < 0. 

Lemma 2.1. There exist N and Mi{N) such that for m > Mi{N) the following 
holds. Suppose {p, {Pr{x)jPri{x)i ■■■iPri^{x)}xeijQ) & is a point which is GIT- 
semistable then for all quotients E ^ Q ^ we have (with := Q / q{ker{T))) 



h\Q{N)) >\ f (ci + C2)r{g)l + axh\Q%^) + ^ E di{x)h\Q%^^^) 



k 



xEl xEl i=l 



In particular, E is torsion free outside {xi,X2}, q maps the torsion on {xi,X2} to 
Q injectively and V — > H'^{E{N)) is an isomorphism. 

Proof. The proof of Lemma 1.1 goes through with obvious modifications except 
that we can not assume that the sheaves E are torsion free at Xi and X2. To see it 
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Let T = Tor{E), Q — E/r and applying the above inequality, noting that 
h\g{N)) = P{N) - h^T), h\Q%^) = T - h\Ql^^^) and h^Q^^^^) = n{x) - 

^°(^ri(x))' ^^^^ 

kh^{T) < k ■ dim(Q^) + + - ai(x))h'^(T^), 

by which one can conclude that r = outside {xi, ^2} and h^{Tx^®Tx2)—dim{Q'^) = 
since < k — ai^+i{x) + ai{x). In particular, q maps the torsion on {xi, x^} to 
Q injectively. 

Remark 2.1. The proof of Lemma 1.1 and Lemma 2.1 actually implies that one 
can take N big enough such that for a GIT-semistable point the sheaf E involved 
satisfies the condition H^{E{N){—x — xi — X2)) = for any x G Xq, which implies 
that E{N) and E{N){—xi —X2) are generated by global sections and H^{E{N)) — > 
E{N)xj^ ®E{N)x^ is surjective. Conversely, it is easy to prove that every semistable 
GPS will satisfy above conditions if N big enough. 

Proposition 2.3. There exist integers N > and M{N) > such that for 

m > M{N) the following is true. A point (p, {Pr(x),Pri(x), ■••,Pn^(a;)}xe/, e U 
is GIT-stable (respectively, GIT-semistable) iff the quotient E is torsion free out- 
side {xi,X2} and E = {E,q) is stable (respectively, semistable) GPS, the map 
V —>■ H^{E{N)) is an isomorphism. 

Proof. The proof is the same with that of Proposition 1.3 by some obvious notation 
modifications. 

Notation 2.1. Define Ti to he the subscheme of TZ parametrising the generalised 

parabolic sheaves E = {E, E^^ © Er,.^ Q) satisfying 

(1) C^W ^ H^{E{N)), and H^{E{N){-xi - X2 - x)) = for any x E Xq 

(2) TorE is supported on {xi,X2} and {TorE)^^ ® {TorE)^.^ ^ Q. 

Let IZ^^ (TZ^ ) be the open set of TZ consists the semistable (stable) GPS, then it is 
clear that 

— open open ~ 

We will introduce the so called s-cquivalence of GPS later in Definition 2.6. 
It is also known that Ti is reduced, normal and Gorenstein with only rational 
singularities (see Proposition 3.2 and Remark 3.1 in [Su]). 

Theorem 2.1. For given datas in Notation 1.1 satisfying (*) and xi, X2 with xi + 
X2—r — X, there exists an irreducible, Gorenstein, normal projective variety Vxi,x2 
with only rational singularities, which is the coarse moduli space of s-equivalence 
classes of semistable GPS {E, Q) on Xq of rank r and x{Ej) = Xj (j = 1; 2J with 
parabolic structures of type {n{x)}x£i and weights {d{x)}xei at points {x}xei. 

Proof The existence of the moduli space and its projectivity follows above Propo- 
sition 2.3 and G.I.T., the other properties follow the corresponding properties of Ti 
and the fact that TZ^^ (l7i for if N big enough. 

Recall that we have the imivcrsal quotient on Xi x TZi, flat over TZi, and 
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each X e Ii, a flag 

^{x}xTZi = ^o{£{x}xTZi) ^ ^l(^{a;}x-Ri) (^{o;} x^Ri ) ^^^x + l (^{o;} x^Ri ) 

= 

of subbundles of type n{x) and weights a{x). Let Qx,i = ^{a;}x7^l/-^»(^{K}x7^l)' 
can define a fine bundle Q^z^ on TZi as 

Similarly, we can define the line bundle on TZ2 and the G-line bundle 

on 7?., where p*{S]^ ®S^)^Q^Ois the universal quotient on TZ. One can check 
that 0^ is the restriction of ample polarisation used to linearize the action of G, 
thus some power of descends to an ample line bundle on 7^xi,X2- ^^'^^5 
have 

Lemma 2.2. The Oj^ss descends to an ample line bundle 0-Pxi,x2 ^xi,X2- 

Proof. The proof is similar with Theorem 1.2, we only make a remark here. If 
{E, Q) is a semistable GPS of rank r and {E' , Q') a sub-GPS of {E, Q) with 

parXm[E ) - dim{Q ) = r{E ) , 

r 

we have (assuming that E' is of rank (ri,r2)) 

- kx{E') + ri ^ tta; + rs ^ ttcc + XI XI di{x)dim—-—^—— + + 
+ k ■ dim{Q') 

r 

Notation 2.2. LetTZip C TZi (TZ2f C. 1^2) he the open set of points corresponding 
the vector bundles on Xi (X2), and TZp = p~^{TZiF x TZ2f), then 

p : TZp T^i F X "^2 F 

is a grassmannian bundle over TZif x T^2F, cind TZf C H. We define 

Rp a •= {{E, Q) e 7^F|-Ea;i Q has rank a}, 

and I>F,i(^) '•= Rfo U • • • U Rp^, which have the natural scheme structures. The 
subschemes R^^ and T>F,2{i) o-re defined similarly. Let and 1^2 (^) be the 

zariski closure ofT>F,i{i) and T>F,2{i) in TZ. Then they are reduced, irreducible and 
G-invariant closed subschemes of 71, thus inducing closed subschemes T>i{i)-y^^^-y^^, 
'^2{i)xi,X2 o/^xi,X2- Clearly, we have (for j = 1,2) that 

n D P, (r - 1) D P, (r - 2) • • . D D P, (0) 

^Xl,X2 ^ T^jii- - l)xi,X2 ^ T^jii- - 2)xi,x2 ^ • • •^j(l)xi,X2 ^ ^j(0)xi,X2- 
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Lemma 2.3. Ti, T>j{a) andVi{a)n'D2{b) are reduced, normal with rational singu- 
larities. In particular, Vxi,x2} '^j{(^)xi,X2 ^'^^ ^i('^)xi,X2 ^2(&)xi,x2 are reduced, 
normal with rational singularities. 

Proof. This is the copy of Proposition 3.2 in [Su] and the proof there goes through. 

Let (E, Q) be a semistable GPS of rank r with E = (£^1,^2) and Xj = x{Ej) 
{j = 1,2). Then, by the definition of semistabihty, we have (for j = 1,2) that 

parXmiEj) - dim{Q^^) < ^ — {parXm{E) - r). 

Ci + C2 

Recall that Xi + X2 — = X rij {j = 1, 2) denotes 

M ^ ^ di{x)ri{x) + r^a^ + reA , 

\xElj i=l x^Ij J 

we can rewrite the above inequality into 

ni + r - dim{Q^^) < x{Ei) < m + dim{Q^^) 

'^^''^^ n2 + r - dim{Q^^) < x{E2) < ^2 + dim{Q^^). 

Thus, for fixed x, the moduli space of s-equivalence classes of semistable GPS (i?, Q) 
on Xq of rank r and x{E) — X'^r with parabolic structures of type {n{x)}^^i and 
weights {a{x)}x&i points {x}x£i is the disjoint union 

Xi+X2=X+T' 

where xi, X2 satisfy the inequalities 

(2.2) ni<x{Ei) <ni+r, ?i2 < x(^2) < ^2 + r. 

Notation 2.3. The ample line bundles {Q-p^^ determine an ample line bundle 
Q-p on V , and for any < a < r, we define the subschemes 

Pi(a):- W 2^i(a)^„^„ V^ia) := ]J V^ia)^,,^,. 

Xi+X2=X+r Xi+X2=X+r 

We will simply write T>i := Vi{r — 1) and T>2 '■= T>2{r — 1). 

In order to introduce a sheaf theoretic description of the so called s-equivalence 
of GPS, we enlarge the category by considering all of the GPS including the case 
r{E) = 0, and also assume that |/| = for simplicity. 

Definition 2.3. A GPS {E,Q) is called semistable (resp., stable), if 

(1) when rank{E) > 0, then for every nontrivial subsheaf E' G E such that 
E/E' is torsion free outside {a;i,X2}, we have, with the induced parabolic 
structures at points {x}x^i, 

parx^iE') - d^^(g-') < rkiE') • Varx^^-J^raiS^) 

where Q^' = q{E'^^®E'^JcQ. 

(2) when rank{E) = 0, then E^^ ® E^^ = Q (resp. E^^ ® E^^ = Q and 
dim{Q) = 1 ; 
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Definition 2.4. // {E, Q) is a GPS and rank{E) > 0, we set 

deg{E) — dim{Q) 



rank{E) 



It is useful to think of an m-GPS as a sheaf E on Xq together with a map 
7r*£' — > xoQ ^ ^ ^iid hP{xoQ) = Let Ke denote the kernel of 7r*£' — > Q. 

Definition 2.5. Given an exact sequence 

0^ E' ^ E^ E" ^0 

of sheaves on X, and tt^E ^ Q ^ a generalised parabolic structure on E, we 
define the generalised parabolic structures on E' and E" via the diagram 

> n^E' > TT^E > TT^E" > 



> Q' > Q > Q" > 

The first horizontal sequence is exact because n is finite, Q' is defined as the image 
in Q of TT^E' so that the first vertical arrow is onto, Q" is defined by demanding 
that the second horizontal sequence is exact, and finally the third vertical arrow is 
onto by the snake lemma. We will write 

0^ {E',Q') ^ {E,Q) ^ {E",Q") ^0 

whose meaning is clear. 

Proposition 2.4. Fix a rational number ji. Then the category of semistable 

GPS {E,Q) such that rank{E) = or, rank{E) > with hg[{E,Q)] = n, is an 
abelian, artinian, noetherian category whose simple objects are the stable GPS in 
the category. 

One can conclude, as usual, that given a semistable GPS {E, Q) it has a Jordan- 
Holder filtration, and the associated graded GPS gr{E, Q) is uniquely determined 
by {E,Q). Thus we have 

Definition 2.6. Two semistable GPS {Ei,Qi) and (£'2,Q2) are said to be s- 
equivalent if they have the same associated graded GPS, namely, 

{El, Qi) ~ {E2, Q2) ^ gr{Ei, Qi) = gr{E2, Q2). 



Remark 2.2. Any stable GPS {E,Q) with rank{E) > must be locally free (i.e., 
E is locally free), and two stable GPS are s-equivalent iff they are isomorphic. 

Proposition 2.5. Every semistable (£", Q') with rank{E') > is s-equivalent to 
a semistable {E, Q) with E locally free. Moreover, 

(1) if E' has torsion of dimension t at X2, then {E',Q') is s-equivalent to a 
semistable (E, Q) with E locally free and 
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(2) if {E, Q) is a semistable GPS with E locally free and 

rank{Exi Q) = a, 
then {E, Q) is s-equivalent to a semistable {E' , Q') such that 
dim{Tor{E')x^) = dim{Q) — a. 

The roles of xi, X2 in the above statements can be reversed. 

Proof. We prove (1) at first. For given (£", Q') e with rank{E') > 0, there is 
an exact sequence 

iE[,Q[) ^ iE\ Q') ^ (i?^, Q'2) ^ 
such that (£^25^2) is stable and ij,g[{E2, Q'2)] = A* if rank{E2) > 0. It is clear that 

gr{E',Q') ^ gr{E[,Q[) ® {E!„Q'2). 

When rank{E'2) > 0, the E2 has to be locally free and E[ has the same torsion 
with E'. Thus if rank{E[) > 0, there is (by using induction for the rank) a 
(£'1, Qi) E C/j, with El locally free and 

rank{Eixi Qi) < dim{Qi) — t 
such that gr{Ei, Qi) — gr{E[, Q[). One can check that 

{E,Q) := (Sies^,QieQ^) eC^ 

is s-equivalent to {E', Q') and 

rank{Exi — > Q) < dim{Q) — t. 

If rank{E[) = 0, then gr{E', Q') = {E!^, Q'2) © gr{Tor{E'), Tor{E')). Thus {E', Q') 
satisfies (up to a s-equivalence) the exact sequence 

^ {E', Q') ^ (£', Q') ^ ( ,^C, C) ^ 0, 

where (£", Q') G has torsion of dimension t — 1 at a:;2. This is the typical case 
we treated in Lemma 2.5 of [Su], and we will indicate later how to get our stronger 
statement by the construction of [Su]. 

When rank{E'2) = and dim{Tor{E[)^^) < t, then {E'2, Q'2) has to be (^^C, C), 
which is again the above typical case we will treat. If dim{Tor{E[)j:^) = t, by 
repeating the above procedures for {E[,Q[), we will reduce the proof, after finite 
steps, to the above cases again since dim{Qi) decreases strictly. All in all, we are 
reduced to treating the typical case: 

^ (£', Q') ^ {E\ Q') ^ ( ,^C, C) ^ 0, 

1 1^1 P\l\ r- n ] J;^^irn„„l^l\ \ J. 1 
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By using the induction for t, there exists a (i?, Q) G with E focally free such 
that gr{E,Q) = gr{E',Q') and 

rank{qi : E^^ Q) < dim{Q) — it — 1), 

where §i, §2 are the induced maps by q : E^^ ® E^^ — ^ Q- Since ( aijC, C) is stable, 
we have 

griE',Q')^gr{E,Q)®{^,CX)- 

Let -ftr2 = ker{qi : E^^ — * Q), choosing a Hecke modification h : E E at X2 (see 
Remark 1.4 of [NS]) such that K2 '■= ker{hx2) C K2 and dim{K2) = 1, we get the 
extension 

^ ^ JI> ^^C ^ 0. 

Let Q — Q Q) C and -E^ij = hx2{Ex2) © ^1 for a subspace Vi, we define a morphism 
/ : Ex-^ ® £'2:2 Q such that ^ Q to be 



and £^a;2 — > Q to be 



(92, id) 



g©c = g 



where /i^^^ : EX2/K2 = h^^iEx^) and 5^2 : EX2/K2 ^ Q (note that i^2 C ^2). Thus 
the foUowing diagram is commutative 



Exi ® Ex2 



{hxi,h^2) rn ^ rn (0.7x2 ) 



-> Exj^ ® £^a;2 



g® C 



C 



C 











One checks that / is surjective by this diagram, and thus 

^ (E.Q) ^ {E,Q) ^ ix^CX) ^ 
It is easy to see that {E, Q) e is s-equivalent to (£", Q') and 

rank{Ex^ — > Q) = rank{Ex^ — Q) < dim{Q) — t. 

To prove (2), let q : Ex, ® Ex2 ^ Q and Q = ?i(£xi) © C''*^^^)-". Take the 
projection Q cdim{Q)-a ^^q^^^ 

E := /cer(7 : E ^ Ex2 ^ Q ^ .^C''^"^'^^""), 
we get a semistable {E, Q) e {Q being the kernel of p) such that 

^ (^, Q) ^ (£;, Q) ( ^^c'^^^(^)-'*, c'^^^^^)-") ^ 

is an exact sequence in C^. Thus (£", Q) is s-equivalent to 

(E',g') := (E© ^2^^*""^^^"",^® C'^'™^^^"'') 
by the following Lemma 2.4. 
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Lemma 2.4. Given a {E, Q) E C^, if there is an exact sequence 

^ (El, go ^ {E, Q) ^ {E2, Q2) ^ 

such that (i?2, Q2) £ then 

gr{E, Q) = gr{E^,Qi) ® gr{E2, Q2). 

In particular, {E, Q) is s-equivalent to [Ei © £^2, Qi © Q2)- 
Proof. Since (i?2,<52) G C^, there exists an exact sequence 

^ (£^, Q^) ^ (E2, Q2) ^ Q'i) ^ 
such that {E!{,Q'^) e is stable. Thus 

gr{E2,Q2) = gr{E'2,Q'2) © {E'^^Q'^). 
On the other hand, if we define (£", Q) by exact sequence 

^ (£, Q) ^ (£, Q) ^ (£^', Q'2') ^ 0, 
where g : {E, Q) — > (£"2, (^2) — >^ (-E'2 > ^2)5 then we have an exact sequence 

^ (£1, Qi) ^ (£, Q) ^ (£^, Q^) ^ 0, 

and (£2,(52) ^ ^/j- using the induction for the rank{E2) and h^{E2) when 
rank{E2) — 0, we have 

5rr(£, Q) = gr{EuQi) © 5rr(£^, Q'2). 
Now the lemma is clear. 

§3 The factorization theorem 

Recall that tt : Xq — > Xq is the normalisation of Xq and tt~^{xq) = {xi,X2}- 
Given a GPS (£, £a;i ® £^cc2 ^ <3) on Xq, we define a coherent sheaf (f){E,Q) := F 
by the exact sequence 

0^F^7r*(£) ^ xoQ^O, 

where we use xW to denote the skyscraper sheaf supported at {x} with fibre W, 
and the morphism 7r*(£) xoQ defined as follows 

7r*(£) ^n^{E)\ixo} = ^0(^x1 ® E^^) ^ xoQ- 

It is clear that F is torsion free of rank (ri,r2) if and only if {E,Q) is a GPS of 
rank (ri,r2) and satisfying 

(T) (Tor£),, © (Tor£),, ^ Q. 

In particular, the GPS in Ti. give in this way torsion free sheaves of rank r with the 
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Lemma 3.1. Let {E,Q) satisfy condition (T), and F = (f){E,Q) the associated 
torsion free sheaf on Xq. We have 

(1) If E is a vector bundle and the maps Ex^ — > Q are isomorphisms, then F 
is a vector bundle. 

(2) If F is a vector bundle on Xq, then there is an unique {E, Q) such that 
(piE, Q) = F. In fact, E = 7r*F. 

(3) If F is a torsion free sheaf, then there is a {E,Q), with E a vector bundle 
on Xq, such that (f){E, Q) = F and E^^ Q is an isomorphism. The rank 
of the map E^^ ^ Q is a iff F 6^^ ^ 6®^ m®^''~"'\ The roles of xi 
and xi can be reversed. 

(4) Every torsion free rank r sheaf F on Xq comes from a {E, Q) such that E 
is a vector bundle. 

Proof. Similar with Lemma 4.6 of [NR] and Lemma 2.1 of [Su]. 

Lemma 3.2. Let F = (f){E,Q), then F is semistable if and only if {E,Q) is 

semistable. Moreover, one has 

(1) // (i?, Q) is stable, then F is stable. 

(2) If F is a stable vector bundle, then {E, Q) is stable. 

Proof. For any subsheaf E' <Z E such that E/E' is torsion free outside {xi,X2}, 
the induced GPS {E\ Q^') defines a subsheaf F' c F by 

^ F' n,{E') ^ ,„g^'-.0. 

It is clear that parXm{F') = parXm{E') — dim{Q^ ), thus F semistable implies 
{E, Q) semistable. Note that E may have torsion and thus (F, Q) may not be 
stable even if F is stable (for instance, taking E' to be the torsion subsheaf). In 
fact, (F, Q) is stable if and only if F is a stable vector bundle. 

Next we prove that if (F, Q) is stable (semistable), then F is stable (semistable). 
For any subsheaf F' G F such that F/F' is torsion free, we have canonical morphism 
TT*F' n*F 7r*7r*F E. Let E' be the image of 7r*F', one has the diagram 





> F' > 7r*F' > ^^Q^' > 



^ F ^ 7r*F ^ ^^Q ^ 



> F/F' > n,{E/E') > xoiQ/Q^') > 



which implies E/E' torsion free outside {xi.,X2} (since F/F' torsion free) and 

parXm{F') = parXm{E') - dim{Q^ ), parXm.{F) = parXm{E) - dim{Q). 
Thus, note that rk{E') = rk{F') and rk{E) = rank{F), one proves the lemma. 
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Lemma 3.3. Let {E, Q) he a semistable GPS with E locally free and F = 4){E, Q) 
the associated torsion free sheaf, if there exists an exact sequence 

with F2 semistable and par iJLm{F2) — parHmiF). Then {E,Q) is s-equivalent to a 
semistable {E', Q') such that E' has torsion of dimension 

dim(g)-a(Fi)-a(F2). 

Proof. For any torsion free sheaf F, we have a canonical exact sequence 

^ F ^ TT^E ^ Q ^ 

where E = TT*F/Tor{7T*F) and dim{Q) = a(F). If F = (/)(F, Q) with E locally 
free, then we have a commutative diagram 



> F > TT^E > a^^Q > 

> F > TT^E > a;o<5 ^ 

7r*T > xoQ' 



where r = E/E and Q' = Q/Q, the map tt^t — > ^oQ' defined such that the 
diagram is commutative, which has to be an isomorphism. This gives an exact 
sequence 

in Cju, thus {E, Q) is s-equivalent to (FSr, Q(BQ')- On the other hand, we consider 
the following commutative diagram 



^ Fx ^ F ^ F2 ^ 

(3.1) > TT^Ei > TT^E > 7r*F2 > 

> xoQi ^ xoQ ^ X0Q2 ^ 
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where Ei = 7r*Fi/Tor{n*Fi), dim{Qi) = a(Fi), the first two vertical sequences 
are the canonical exact sequences determined by Fi and F, and E2 = E/Ei, 
Q2 = Q/Q11 the third vertical sequence is defined by demanding the diagram com- 
mutative, which has to be exact. It is easy to see that //g[(£'2, (52)] = A*g[(-^)Q)] 
and (£^2,(52) is semistable (since F2 is so). Thus 

gr{E, Q) = gr{E^,Qi) gr{E2, Q2), 
which implies that {E, Q) is s-equivalent to 

{E', Q') := (Fi © F2 © r, Qi © ^2 © Q')- 

One checks that dim{Tor{E2)) = sl{F) — a(Fi) — a(F2) by restricting the dia- 
gram (3.1) to point xq and counting the dimension of fibres (the first two vertical 
sequences remaining exact). Therefore 

dim{Tor{E')) = dim{T) + dim{Tor{E2)) = dim{Q) - a(Fi) - a(F2), 

we have proved the lemma. 

Consider the family p*S = {p*S^,p*S'^) of GPS over TZ^^ with the universal 
quotient p* (£^^ © ) Q, using the finite morphism 

TT X /^.. : Xo X iZ'' ^ Xo X iZ'', 

we can define a family J^j^ss of semistable sheaves (Lemma 3.2) on Xq by the exact 
sequence 

(3.2.) ^ J^^,, ^ (tt X /^,J,(p*f ) ^ ^^Q^O 

Since p*£ is flat over TZ^^ and Q locally free on TZ^^, ^qiss is a flat family over TZ^^ . 
Thus we have a morphsim 

such that (f'j^^^Ouxo ^ ^•^ Theorem 1.2 in the §1. 

Lemma 3.4. The morphism (pj^^s induces a morphism 

such that 0p^^,^^0Wxo = 0Pxi,X2- 

Proof. The proof is clear, we just remark that one can compute = ©-^ss by 

the exact sequence (3.2) deflning the sheaf J^-^ss- 

Let U-xi^xi be the image of Pxi,X2 under the morphism 4>'P^^,^^ ■, then Uxi,x2 is an 
irreducible component of Wx„ and (^-p^^ ^ finite morphism since it pulls back 
an ample line bundle to an ample line bundle. We will see that 

is an isomorphism. Thus (j>v^^,^^ is the normalisation of Wj^i,x2- We have clearly 
the morphism 

<^--= II 0P«,X2 =^^^^0, 

Xl+X2=X+'' 
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Proposition 3.1. With the above notation and denoting T)i{r — 1), V2{r — 1), 
yVr-i by T>i, T>2 and W, we have 

(1) (/) : P — > Uxo is finite and surjective, and (j){T>i{a)) = (j){T>2{a)) = Wa, 

(2) (f){V\{'DiUV2}) =Wx„\W, and induces an isomorphism onV'\{T>i{JT>2}i 

(3) 4>\vi{a) '■ 'Z^i(fl) is finite and surjective, 

(4) (t){Vi{a) \ {Vi{a) fl ©2 U ©1(0 - 1)}) = Wa \ Wa-i, and induces an iso- 
morphism on T>i[a) \ {Vi[a) n U 'Di(a — 1)}, 

(5) (/) : P — > Uxo is the normalisation ofUxo, 

(6) (l)\vi{a) '■ ^^i(tt) VVa is the normalisation ofWa, 

(7) (f)(Vi{a) r[T>2) = Wa-i, and Wa-i is the non-normal locus ofWa- 

Proof. In proving (4), we used Lemma 2.6 of [Su] to show that induces a morphism 

: Pi (a) \ {Pi (a) n P2 U Pi (a - 1)} ^ Wa ^ Wa-i- 

But Lemma 2.6 in [Su] is not correct, we have to prove it without using the lemma 
(also to fix the gap in [Su]). We will use [ ] to denote the s-equivalent class of 
objects we are considering. For any [{E, Q)] e Pi (a) \ {Pi (a) fl P2 U Pi(o — 1)}, 
we can assume that i? is a vector bundle by Proposition 2.5, and E^^ — > Q is an 
isomorphism since [[E^Q)] ^ P2. Thus (f){E,Q) — F E Wo \ Wo-i by Lemma 
3.1 (3), we need to show [F] ^ Wa-i. If it is not so, then F is s-equivalent to a 
semistable torsion free sheaf F' e W(a — 1) and has an exact sequence 

0^Fi^F^F2^0 

with par iirn{F2) — parjjLm^F) and F2 stable. Thus gr{F') — gr{Fi) © F2 and (by 
Lemma 1.3) 

a - 1 > a(F') > a(Fi) + 3(^2). 

On the other hand, by Lemma 3.3, (i?, Q) is s-equivalent to a semistable (£", Q') 
with dim{Tor{E')) = r — a(Fi) — a(F2). By Proposition 2.5 (1), E' has no torsion 
at Xl since [E',Q')] = [(F,Q)] ^^2- Hence, by Proposition 2.5 (1) again, {E',Q') 
is s-equivalent to a {E, Q) with E locally free and 

rank{Ea,, ^ Q) < a(Fi) + a(F2) < a - 1, 

we get the contradiction [{E, Q)] = [{E, Q)] G Pi(a— 1). Thus (f) induces a morphism 

: Pi(a) \ {Pi (a) n P2 U Pi(a - 1)} ^ Wa \ Wa-i 

The argument in [Su] for other statements goes through, only (7) is in doubt. 
This can be seen as follows, the fact (j){Vi{a) n P2) = Wa-i follows the local com- 
puation (see Proposition 3.9 of [B3]), and the non- normal locus of Wa is contained 
in Wa-i by the above (4). If Wa-i is not empty and not equal to the non-normal 
locus, there exists a non-empty irreducible component W^i'i'-^ of Wa-i such that 
4'\vi{a) is an isomorphism at the generic point of W^^'i'^. It is impossible since the 
fibre has at least two points (one is in Pi (a — 1) \ P2 by (3) of Lemma 3.1, another 
is in Pi(a) np2). 

Let Iz denote the ideal sheaf of closed subscheme Z in a scheme X. When Z is 
of codimension one (not necessarily a Cartier divisor), we set Ox{—Z) := Iz- If >C 
is a line bundle on X and F is a closed subscheme of X, we denote C®Iz and the 
restriction Iz®Oy of Iz on Y by C{—Z) and Oy{—Z). We have the straightforward 

„ 1; — re, T A o ] TD — A 1I 1 c 
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Lemma 3.5. Suppose given a seminormal variety V , with normalization cr : F — > 
V . Let the non-normal locus he W , endowed with its reduced structure. Let W 
he set-theoretic inverse image of W in V , endowed with its reduced structure. Let 
N he a line hundle on V , and let N he its pull-hack to V (N = a*N). Suppose 
H^{V, N) H^{W, N) is surjective. Then 

(1) There is an exact sequence 

O^H^{V,N(^ I^) H^{V, N) H^{W, N) 0. 

(2) IfH\W, N) H\W, N) IS mjective, so is H\V, N) H\V, N). 

Lemma 3.6. The following maps are surjective for any 1 < a < r 

(1) H^{Vi{a), Or) ^ H^{Vi{a) n U Pi(a - 1), Gp). 

(2) ^0(Pi (a), Qv) ^ H\Vt{a) n P2, Gp). 

The above Lemma 3.6 tells us that the assumption (surjectivity) in Lemma 3.5 
is satisfied for the situation: V — Wa, V — ^^i(a), a — (/>|i3i(o) and N — ©w^|wa- 
Thus we can use Lemma 3.5 to prove that 

Proposition 3.2. We have a (noncanonical) isomorphism 
Proof. Similar with the proof of Proposition 4.3 of [Su]. 

Proposition 3.3. Let TZp (ZH he the open set consisting of (E, Q) with E locally 
free. Then 

where G = {GL{Vi) x GL{V2)) n SL{Vi © V2). 

Proof. The first equality follows the following Lemma 3.7, the second equality fol- 
lows the following Lemma 3.8 by taking V — IZ^^ , U — Vxi,x2-> ^' — ^ 
and U" = Vxi,x2 ^ {^1:^2} (one need here Proposition 1.4 to show that U" is 
nonempty) . 

Lemma 3.7. Let V be a projective scheme on which a reductive group G acts, 
jC an ample line hundle linearising the G-action, and V^^ the open suhscheme of 
semistahle points. Let V' he a G -invariant closed suhscheme ofV^^, V' its schematic 
closure in V . Then 

(1) V'^' = y^ and V'//G is a closed suhscheme ofV^^//G. 

(2) H^{V^^ , Cy^'" = H^{W, Cy™ , where W is an open G-invariant irreducible 
normal suhscheme of V containing V^^ and ( )*"^ denotes the invariant 
suhspace for an action of G. 

Proof. See Lemma 4.14 and Lemma 4.15 of [NR]. 
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Lemma 3.8. Let V be a normal variety with a G-action, where G is a reductive 
algebraic group. Suppose a good quotient tt :V ^ U exists. Let C be a G-line bundle 

on V , and suppose it descends as a line bundle JC on U . Let V" C V C V be open 
G-invariant subvarieties of V , such that V' maps onto U and V" = tt~^{U") for 
some nonempty open subset U" of U. Then any invariant section of C on V 
extends to V . 

Proof. See Lemma 4.16 of [NR]. 

Proposition 3.4. Let Gi and G2 be reductive algebraic groups acting on the nor- 
mal projective schemes Vi, V2 with ample linearizing Li and L2. Suppose that Li 
and L2 descend to Qi and ©2. Then, for any open sets Vi D and V2 D V2^, 

H\Vi X V2, Li ® La)^^^^^ = H%Vi, L^f^ ® H\V2, ^2)^^ 

Proof. Using Lemma 3.7 and next Lemma 3.9, we have 

H'^iVi X V2,Li(E)L2f'''^' 

= [H\VixV2,L^0L2f'''^"'^} 

= H'^iV^'f/Gi X V2, 61 <8) L2)^*''>^^^ 
= H\vr//Gi X Vi'//G2, 61 ® 62) 
= H\vr//Gi,Qi) ® H^{Vr//G2, 62) 
= H''{V„L,f^®H%V2,L2f\ 

Lemma 3.9. Suppose V ^ V/ /G is a good quotient and T is any variety with 
trivial G-action. Then V x T ^ V/ /G x T is a good quotient. 

Notation 3.1. For /i = (ni, ■ ■ ■ , jir) with < iJ,r < ■ ■ • < jJ-i < k — 1, let 

{di — — IJ'ri + l}l<i<l 

be the subset of nonzero integers in {//j — /ij+i}j=i^... Then we define that 

^^1(3^1) ~ '^ij di(^Xi^ = di, Ixi — Ij Olxi ~ l^r 

ri{x2) =r -ri-i+i, d{x2) ^ di-i+i, = ^ = ^ - /^i 

and for j = 1, 2, we set 

IIr,l^r + di{Xj),--- ,IIr+ ^ di{x j) , Hr + ^ di{x j) 

i=l i=l 

n{xj) = {ri{xj),r2{xj)-ri{xj),--- ,ri^,{xj) - ri^.-i{xj)). 
We also define that 

1 / \ 1 

^1 = ^ I SI di{x)ri{x) + r ^ + r£i 1 

1 / A 1 

^2 = r I XI XI di{x)ri{x) + r X + + ^ - r X 
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One can check that the numbers defined in Notation 3.1 satisfy {j = 1, 2) 

(3-3) Yl c,x + r£j=kx';. 

xeijU{xj} i=i xeijU{xj} 

Notation 3.2. For the numbers defined in Notation 3.1, let, for j = 1,2, 
Uxj '■= Xj , Ij U {xj}, {n{x), a(a;)}^e/^.u{x,}, k) 

he the moduli space of s -equivalence classes of semistable parabolic bundles E of rank 
r on Xj and xi^) = Xj > together with parabolic structures of type {n{x)}x£iu{xj} 
and weights {a{x)}x£i\j{xj} o-t points {x}x£i\j{xj}- define U^. to be empty if 
Xj is not an integer. Let 

^u^, := Q{k,(-j,{'^{^)^^{^)^(^x]xeijVJ{xi},Ij U {xj}) 

be the theta line bundle. 

Theorem 3.1. There exists a (noncanonical) isomorphism 

where jj, = {jii, ■ ■ ■ , Hr) runs through the integers < jir < ■ ■ ■ < fJ>i < k — 1. 
Proof. By Proposition 3.3, one can show shat 

Note that 1)2) = det£x2 ® {detQ)~^ and write rix2 '■— {det£x2)^^ ®detQ, we 

have 

H\nF,Q;j^^{-V2)f = H\n^F><n2F,Qn,,®Qn2,®{det£,,f®p,{^^^^^ 
Let 

• 

^? •= ^QiF Flagfi(x){^D ^'^j,F, 
xeijU{xj} 

then, by Lemma 4.6 of [Su], we have 

where /j, = {ni, • • • , fj,r) runs through the integers 0<//r.---<//i</c — 1 and 

Oi = {detSl^Y- ® ®{detQ,,,iY^^--\ 
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i=l 

are line bundles on TZ^ x TZ^. By the definition 

Qt^. := {detRTTn>;S'f ® (g) [{detSi)''- ® ^{detQ^^.f^^^A {detS'J^^ , 

xeljU{xj} I i=l ) 

one sees easily that 

Thus we have (for any Xi, X2) the equality 

Since C* x C* acts trivially on TZi x 7I2, one can see that if 

i^°(7^^x7^^,e^M®e7^.)^^o, 

then the Xj (j = 1» 2) has to satisfy 

^ (ij(x)ri(x) + r + r£j = kxj- 

xeijU{xj}i=i xeijU{xj} 

Therefore Xj has to be Xj- In this case, C* x C* acts trivially on the line bundle, 

Thus, by using Proposition 3.4, we can prove the theorem. 

We end this paper by some remarks. In Notation 1.1, we chose and fixed the 
ample line bundle C(l), the theta line bundle and the factorization are generally 
depend on this choice. In some cases, although the moduli space itself depends 
the choice, the theta bundle and the factorization (also the number of irreducible 
components of the moduli space) arc independent of the choice. For example, 
when X = 0, |/| = 0, or the parabolic degree is zero, we can manage to the case: 
£1 + £2 = 0. In any case, one can see that Xi < ^1 + ^) thus, for any choice, there 
are only r components of moduli space contribute to the factorization. 

The choice in Notation 1.1 has quit freedom, it is in general a choice of the 
partitions of ii + £2- In particular, if we are only interested in studying moduli 
space, we can choose any 0{1). 

Corollary 3.1. There is a choice of 0{1) such that the moduli space Uxq has r 
irreducible components and 
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In particular, when r = 2, Uxg has two normal crossing irreducible components. 

Proof. One can easily choose 0{1) such that ni and n2 are not integers. Thus 
< Xj < Uj + r {j — 1,2) has only r possibility and each such Xj there is a 
nonempty irreducible component by Proposition 1.4. Recall (2.1) 

ni+r- dim{Q^^) < x{Ei) < ni + dim{Q^^) 
n2 + r- dim{Q^') < x{E2) < ^2 + dim{Q^^), 

we see that dim{Q^^) > Xj ~ '^j > 0; which means that 

Pi(0) = ©2(0) = 0. 

Thus Wo = 0. In particular, when r = 2, the local model of moduli space at any 
non-locally free sheaf is £.[x,y\/ {xy) by Lemma 1.4. 

Remark 3.1. When r — 2 and 0{1) is chosen such that ni and n2 are not integers, V 
has two disjoint irreducible components Vi and V2, T^j C Vj (j = 1, 2) is isomorphic 
to W C Uxo- Thus Uxo can be obtained from Vi and V2 by identifying T>i and T>2. 
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